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ABSTRACT 
An autometrized distance is defined for a class of unary algebras. Free mobility, 
metric bases, and convexity in the resulting distance spaces are investigated, inter alia. 
1. INTRODUCTION 
An autometrized istance space is a pair (S, d) where S is a set and d 
is a function from S x S to S; d has properties analogous to those of  
the usual real valued metric function. Several authors [3-6, 9-11] have 
studied autometrized distance spaces in which S had an algebraic structure 
defined by one or more binary operations. In this paper we define and 
investigate an autometrized istance for a certain class of unary algebras, 
i.e., a pair (S , f )  where S is a set and f is a function from S to S. For 
definitions from graph and lattice theory the reader is referred respectively 
to Ore [7] and Birkhoff [1]. In the theory of  Distance Geometry for real 
metric spaces the standard reference is Blumenthal [2]. 
The following theorem gives three equivalent characterizations of the 
class of  unary algebras we shall consider. 
NOTATION: [f~ = x, f l (x )  = f (x ) , f2 (x)  = f ( f (x) ) ,  etc.l 
THEOREM 1.1. For a unary algebra (S, f )  the following statements are 
equivalent: 
A. The graph o f f  is a directed tree with at most one loop, such that at 
every vertex there is exactly one outgoing edge. 
* A portion of the research reported in this paper was done while the author was 
the recipient of a National Science Foundation Research Participation Award at the 
University of Oklahoma. 
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B. The relation {x <~ y i f  there exists a non-negative integer n such that 
f" (x)  = y} defines a partial order which is a join semilattiee, such that all 
but possibly one element of S is covered by a unique element of S. 
C. For x, yeS ,  there exist non-negative integers m, n such that 
f'~(x) = f~(y); f has at most one f ixed point in S; i f  x is not a f ixed point 
then f'~(x) ~ x for all positive integers n. 
PROOV: We shall show that C =~ A ~ B. 
C ~ A. Theorem 4.4.4 of [7] states that each of the connected com- 
ponents of the graph of f either contains a single circuit (possibly a loop) 
or is a tree with an infinite path. The functional conditions of C imply 
that the graph is connected and acyclic, except for at most one loop. 
As remarked by Ore [7, p. 68] the graph is directed with a single edge 
(x,f(x)) issuing from each vertex. 
A => B. In an acyclic graph with single edges the relation defined by 
{a ~< b if there exists a directed path (possibly null) from a to b} is a 
partial order. In the graph of a unary algebra the existence of a directed 
path from x to y is equivalent to the existence of a non-negative integer n 
such thatf~(x) = y. 
LEMMA 1.2. Let x and y be non-comparable elements of S. In traversing 
the path from x to y in the undirected graph, there is exactly one intermediate 
vertex which has two edges directed toward it. 
PROOF OF LEMMA 1.2: Since x and y are non-comparable there is no 
directed path connecting them. Hence there must be at least one vertex v 
in the undirected path of the type described in the statement of the lemma. 
Suppose the undirected path contained two such vertices v 0 and Vl, 
v0 =/= vl 9 It follows that there will exist a point between vo and vl with two 
outgoing edges, contrary to hypothesis. 
We must show that every two elements of S have a least upper bound. 
If x and y are comparable the choice is obvious. If x and y are non- 
comparable the least upper bound is the distinguished element described 
in Lemma 1.2. 
At a given vertex the existence of an outgoing edge to a different vertex 
is equivalent o a covering element in  the semilattice. Hence the only 
vertex which may not be covered is the one bearing the loop. 
B ~ C. Let x, y E S and let z = x u y. Then f ' (x )  ~- z, f " (y)  = z for 
some non-negative integers m, n. On the other hand, iff(x) = x, then x 
is not covered and there can exist at most one such element. Suppose 
that f (x)  =/= x and fn(x) = x(n >~ 2). It follows that f " - l ( f (x ) )= 
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f " (x )  = x and hence f (x )  <~ x. But it is always the case that x <~ f(x).  
Thusf(x) = x contrary to the previous assumption. 
A unary algebra satisfying any of the three equivalent conditions of 
Theorem 1.1 will be called a z-algebra. 
DEFINITION 1.3. Let (S,f)  be a z-algebra. For x, yeS  we define 
d(a, b) ---- a u b where a u b is the union of a and b in the associated 
semilattice. A z-algebra with this distance will be called an autometrized 
z-algebra. 
It is clear that the distance function has the following properties: 
(a) d(x, y) = d(y, x), 
(b) d(x, z) <~ d(x, y) u d(y, z), 
(c) d(x, x) = d(y, y) i f f  x = y.  
The following example will illustrate that the geometry of an autometrized 
unary algebra is quite different from the geometry obtained by considering 
its graph or semilattice classically. 
EXAMPLE. Consider the z-algebra whose semilattice is described by 
the following Hasse diagram: 
The mapping which sends x into x' is a motion of the autometrized 
z-algebra. It is not an isotone mapping of the semilattice nor does it 
preserve path length, the usual metric for a graph. 
The generality of z-algebras is illustrated by the following theorem. 
THEOREM 1.4. Let S be a set. There exists a function f such that (S,f) is 
a z-algebra. 
PROOF: A constant function on S will suffice, but one can easily 
construct better examples, f fS  is finite, let S be indexed by the integers 
from 1 to n, i.e., 
S : {al, as ,..., a,}. 
Select a subset 
T = {ajl, at, ,.,, at,, a,,}(jl < J2 <: J~ < n). 
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Let f(a~) ~ ajk if Jk-1 ~ l < Jk and let f (a , )  = am 9 Similarly, if S is 
countable the function defined by f(aj) = a~+~ will make (S , f )  into a 
z-algebra. I f  the cardinality of  S is greater than or equal to ~0, let C be any 
finite or countable subset of  S. Let fbe  any function such that (C , f )  is 
a z-algebra, and let z ~ C. I f f (x )  ~ z for x ~ S --  C and f (x )  =f(x )  for 
x E C, it follows that (S, f )  is a z-algebra. 
2. ISOMETRIES AND FREE MOBILITY 
By an &ometry (or motion)/z of  a z-algebra we shall mean a mapping of 
S onto S such that d(a, b) = d(tz(a), tz(b)) for a, b ~ S. It is clear that/z 
is an isometry if and only if/~(x) = x for all x in S. It will therefore be 
convenient to define a weak isometry as a mapping of S onto itself 
which preserves distances between distinct points, i.e., if a @ b, then 
d(a, b) = d(t~(a), t~(b)). 
DEFINITION 2.1. Let T be a tree. A connected subgraph of T will be 
called a twig if it (a) contains a terminal vertex and (b) contains exactly 
one vertex of  degree two or more. 
DEFINITION 2.2. A vertex which covers a terminal vertex of  a twig will 
be called its penultimate vertex. 
LEMMA 2.3. Under a weak isometry tz every vertex which & not the 
terminal or penult imate vertex o f  a twig is left f ixed. 
PROOF: It is clear that, i fp  is not a terminal vertex, p ~< z implies that 
/~(p) ~< z. Hence it is sufficient o show that, ifv > v 1 > v~, then/z(v) :~ vl, 
/z(v) ~ v2. Proof  of  this later assertion involves the consideration of  a 
number of  possible cases, all of which lead to contradictions. Illustrative 
examples are furnished by the following two diagrams: 
.v! 
~ v = H" (vO / /~  H- (vl) 
(a) (b) 
In both cases we have d(vi , va) ~- vi but d(lz(Vi), iz(v~)) = v. 
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LEMMA 2.4. Any one-one mapping h of  an autometrized unary algebra 
onto itself which interchanges a terminal and penultimate vertex, leaving 
all other vertices fixed, is a weak isometry, h is involutory, i.e., h s is the 
identity mapping. I f  A 1 and A s operate on disjoint twigs, then hlh2 = heh I . 
THEOREM 2.5. Let (S , f )  be a z-algebra with k twigs no two of  which 
have an edge in common. The group of  weak isometries of  the autometrized 
distance space is the direct product of  k copies o f  the cyclic group with two 
elements. 
We thus have another example of an infinite space in which every motion 
is a product of a finite number of involutions (see [5]). 
I f  n -- 1 twigs of length one issue from a single vertex, any permutat ion 
of the n-points (including the vertex of attachment), will be a motion of 
the space if all other vertices are left fixed. 
THEOREM 2.6. An integer n is the order o f  the group of  weak isometries 
o f  an autometrized z-algebra if  and only i f  n = 2 k 9 nl ! n2 ! "'" nt! 9 
This result is quite different from an analogous graph-theoretic result. 
THEOREM 2.7 ( Jordan-Polya) [8, p. 209]. An integer can be the order 
of  the group of  automorphisms of  a tree if  and only i f  it is o f  the form 
1 dl 9 2 a~ 9 3 a . . . . . . .  n a. , where n, d l ,  d2 ..... d,~ are natural numbers and 
dl ~ d2 ~ da ~ "'" ~ d, ~ 1. e.g., the order can be 1, 2, 4, 6, 8, 12, 16 ..... 
but cannot be 3, 5, 7, 9, 10, 11, 13, 14, 15, 17, 18, 19, 20. 
In connection with the study of the isometrics of a metric space it is 
often of interest to study the difference between congruence and super- 
posability. In the elliptic space 6~,.r, for example, it is not the case that if 
subsets A and B are congruent hat necessarily the congruence between 
them can be extended to a motion. This is also the case for autometrized 
z-algebras. 
THEOREM 2.8. Let (S , f )  be an autometrized z-algebra. Every weak 
congruence of  (S, f )  can be extended to a motion if  and only if f is a constant 
function. 
PROOF: I f  f is a constant function, every permutation of S is a motion 
of (S, f ) .  On the other hand, if f is not a constant function, then it contains 
a chain of length at least three. For example, if c < b <a,  then 
{a, b} ~ {c, a} but {a, b, c} ~ {c, a, b}. 
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It would be interesting to obtain a characterizat ion f those z-algebras 
which have the property  that every congruence between sets containing 
at least k points can be extended to a motion. 
3. METRIC BASES AND EQUILATERAL SETS 
DEFINITION 3.1. Let (S, d) be a distance space. A subset B of S is said 
to be a metric basis i f  d(x, b) = d(y, b) for all b ~ B implies that x = y. 
LEMMA 3.2. Let (S , f )  be an autometrized z-algebra, without infinite 
descending chains. A subset o rB  orS  is a minimal metric basis if  and only i f  
it consists of  the set of  terminal vertices of  the graph. 
PROOF: Let x, y ~ S. Suppose that x and y are comparable,  say x ~ y. 
There exists a terminal vertex v such that v ~ x, v ~ y. Then d(v, x) = x, 
d(v, y) = y, hence the set of terminal points distinguishes between these 
two points. On the other hand if x and y are non-comparable,  and one 
of  them is not a terminal vertex, say x, then there exists a terminal vertex w 
such that w ~ x. It is clear that d(w, x) = x, while d(w, y) = x • y. Thus 
the set of  terminal vertices is a metric basis. It is minimal  because all 
points on one twig are equidistant from the points on any other twig. 
That every minimal basis is of this form follows from the observation that 
every metric basis must contain the terminal points, since the terminal 
and penult imate points are equidistant from all but the terminal vertex. 
LEMMA 3.3. Let (S , f )  be a z-algebra whose graph is an infinite descend- 
ing chain. A subset B of  S is a metric basis i f  and only i f  B is infinite. 
PROOF: Let x and y be elements of S. I f  B is infinite, one can select an 
element z such that z <~ x, z <~ y. But then d(x, z) = x, d(y, z )= y, 
hence B distinguishes between these two points. I f  B is f inite, then one 
can find elements wa, w2 such that wl < b, w2 < b for all b c B. But then 
d(wl , b) = d(w2 , b) = b for all b ~ B. 
THEOREM 3.4. A set B is a metric basis for (S , f )  i f  and only i f  B contains 
all terminal points and an infinite subset of  every infinite descending chain. 
It is often useful to have information about the equilateral subsets of  a 
distance space. 
THEOREM 3.5. Let (S , f )  be a z-algebra. A subset E of  S is equilateral 
i f  and only i f  there exists a vertex v such that, i f  e ~ E, e <~ v and the paths 
f rom v to e have only v in common. 
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COROLLARY 3.6. The maximum number of  equilateral points is equal to 
the maximum of  the degree of  the vertices. 
4. SPECIAL METRIC PROPERTIES 
It often happens that an important concept in the geometry of real 
metric spaces does not have a direct analog for abstract distance spaces. 
Nevertheless in some cases an interesting allied concept may be defined. 
We study here properties related to the Ptolemaic inequality and to 
convexity. 
DEFINITION 4.1. Let p, q, r, s be points of a metric space. They are 
said to satisfy the Ptolemaic inequality if the three products pq 9 rs, pr 9 qs, 
ps " qs satisfy the triangle inequality. 
One cannot directly translate the Ptolemaic inequality to the auto- 
metrized space of a z-algebra because the indicated products will not 
always have a meaning. Indeed the intersection of a and b will exist if 
and only if the two elements are comparable. Since the space is auto- 
metrized, however, the distances, if they do exist, will automatically 
satisfy the triangle inequality. We shall therefore make the following 
definition. 
DEFINITION 4.2. The autometrized distance space of a z-algebra (S , f )  
will be said to be Ptolemaic if for every set of four points p, q, r, s, the 
distances p ~ q, r u s; p u r, q u s; p • s, q u r are pairwise comparable. 
THEOREM 4.3. An autometrized z-algebra is Ptolemaic i f f  its semilattice 
does not contain sub semilattices of  Type I: 
Type I Type Tr Type TIT 
PROOF: It is clear by inspection that a subsemiiattice of Type I fails 
to be a Ptolemaic set. But, moreover, eVery set of four points will be 
Ptolemaic unless its semilattice (after a possible relabeling of its points), 
is contained in a Hasse diagram of Type I, II, or III. But the existence of a 
subsemilattice of Type II or I I I  implies the existence of a subsemilattice 
of Type I. 
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In a metric space we say that q is between p and r if pq + qr = pr. 
I f  a metric space has the property that every two points have a between 
point it is said to be metrically convex. 
DEFINITION 4.4. If  p, q, r are points of the autometrized distance space 
of a z-algebra, we shall write pqr and say that q is between p and r if 
pq u qr = pr. A space is said to be metrically convex if given p, r, there 
exists q such that pqr holds. If  for every three points in the space one is 
between the other two, the set is linear. 
LEMMA 4.5. The Hasse diagrams for  points p, q, r such that pqr holds 
are the following: 
p~q r / r r q 
COROLLARY 4.6. An autometr&ed z-algebra is convex/f f(a)  every chain 
is two way infinite or (b) the penultimate vertex and initial vertex in every 
finite chain has degree at least two. 
COROLLARY 4.7. An autometrized z-algebra is externally convex iff  the 
initial vertex o f  every finite chain has order at least two. 
COROLLARY 4.8. Convexity implies external convexity, but not vice 
versa. 
COROLLARY 4.9. Any autometrized z-algebra is linear. 
POSTSCRIPT 
Some interesting but apparently rather difficult questions arise from the 
the consideration of the autometrized unary algebras of certain number- 
theoretic functions. For example, if S is the set of positive integers and q~ the 
Euler ~o function, what is the distance of two elements of (S, cp) given their 
prime factorizations? A related problem has been considered by 
G. K. White [12] and others. (The authors in indebted to Professor 
Sanford Segal for this reference.) 
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